Macro Fiber Composites (MFC) are planar actuators comprised of PZT fibers embedded in an epoxy matrix that is sandwiched between electrodes. Due to their construction, they exhibit significant durability and flexibility in addition to being lightweight and providing broadband inputs. They are presently being considered for a range of applications including positioning and control of membrane mirrors and configurable aerospace structures. However, they also exhibit hysteresis and constitutive nonlinearities that must be incorporated in models to achieve the full potential of the devices. In this paper, we discuss the development of a model that quantifies the hysteresis and constitutive nonlinearities in a manner that promotes subsequent control design. The constitutive model is constructed using the homogenized energy framework for ferroelectric hysteresis and used to develop resulting system models. The performance of the models is validated with experimental data.
INTRODUCTION
The Macro Fiber Composite (MFC), developed at NASA Langley Research Center, has made it possible to obtain strains and displacements greater than those that could be generated by prior actuators. It consists of active fiber unidirectional piezoceramic fibers embedded in an adhesive polymer matrix and an interdigitated electrode pattern on polyimide films at top and bottom. A detailed overview of the manufacturing process is presented by Williams et al. 4 Due to its flexibility it can be easily bonded to structures and used to apply or detect strains. The MFC is found in a wide variety of applications such as drag, vibration, noise reduction and structural health monitoring. It has significant potential for improving the performance of aerospace structures like rotor blades, jet tailfins and telecommunication satellites.
Since its first fabrication an increasing number of investigations focusing on the behavior of the MFC has been accomplished. In, 6 Williams, Inman and Wilkie present the response of the MFC to increasing voltage and a model for a piezoelectric continuum subjected to an increase in electric field under constant mechanical load is developed. The same authors discuss in 5 the modeling of the coefficients of thermal expansion for the Macro Fiber Composite actuator as a function of temperature. Nonlinearities in the tensile and shear behavior are investigated by Williams et al. 7 In this work the nonlinear tensile and shear stress-strain behavior and Poisson effects using various plastic deformation models are characterized.
In this paper we investigate the response of a cantilever beam driven by a MFC actuator patch. The homogenized energy model (HEM) is used to describe the nonlinear relationship between the electric field applied at the patch and the resulting polarization. It is a multiscale approach in which mesoscopic behavior is quantified by energy principles and a macroscopic model is subsequently constructed using stochastic homogenization techniques. The model was chosen due to its capability for characterizing a range of minor loop behavior under highly varied operating conditions. An Euler-Bernoulli beam model is used to characterize the behavior of the cantilever. Optimization routines are employed to identify parameters needed for the model. The displacement of the beam as a response to different input voltages at the patch is computed by the model. The numerical simulations are compared to experimental data.
A short description of the homogenized energy model and its use to construct a discretized PDE model for a vibrating beam is provided in Sections 2 and 3. In Section 4, the experimental setup is described. In Section 5 the beam model with polarization quantified by the homogenized energy model is compared with the experimental data. It is illustrated that the model accurately quantifies the nonlinear behavior of the MFC patch in phase space as well as time and frequency domain.
HOMOGENIZED ENERGY MODEL
The homogenized energy model for ferroic materials is a multiscale approach based on energy relations and stochastic homogenization techniques. For ferroelectric materials, the macroscopic model quantifies the bulk polarization P via the relation
where E is the applied electric field, E I is the field due to dipole interactions, E c is the coercive field value at which the dipoles switch orientation, and ξ denotes the initial distribution of dipoles. The model parameters E c and E I vary through the material and have associated densities ν 1 and ν 2 . Details regarding the model can be found in Smith.
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The integrals in (1) are numerically approximated using quadrature formulas to yield the discrete relation
where E Ij , E ci denote the points associated with the quadrature formulas and v i , w j are the quadrature weights.
For the density of the coercive field, one could choose a lognormal distribution
where the parameter s and the mode m are given in terms of standard deviation c and meanĒ c
A choice for the distribution of the density of the interaction field is the Gaussian relation
More general choices for the densities can be found in Smith.
The kernelP is modeled via energy principles. For negligible thermal relaxation, direct minimization of the Gibbs energy yields the kernel relationP
where P R is the remanence polarization and δ = 1 if dipoles are positively oriented and δ = −1 if they are negative. It should be noted that δ represents the history of the material.
If thermal relaxation mechanisms are considered, one has to include the effects of thermal activation. This can be done by balancing the Gibbs energy with the relative thermal energy through the Boltzmann relation
where k is Boltzmann's constant, T is the temperature of the material and V is a reference volume. The resulting kernel is then given byP
The evolution of dipole fractions is quantified by the differential equationṡ
where P + and P − are the expected polarizations and p +− and p −+ the transition likelihoods which include the material and temperature dependent relaxation time τ . These quantities can be expressed in terms of error functions. For detailed expressions and implementation of the thermally relaxed model, see Braun and Smith. 
BEAM MODEL
The relation (1) quantifies the polarization P as a function of the input field E. In this section, we summarize how this can be used to develop a dynamic model of an Euler-Bernoulli beam driven by surface mounted piezoceramic patches.
Motivated by the experimental setup details in Section 4, we consider a thin cantilever beam of length , width b and thickness h that is clamped at x = 0 and free at x = . We let ρ, Y I, cI and γ respectively denote the effective linear density, stiffness, Kelvin-Voigt damping and air damping coefficients and we let w(t, x) denote the transverse displacement of the beam. The region covered by the patch is designated by [x 1 , x 2 ]. The following model is detailed in Chapter 7 of Smith.
3
Force and moment balancing yield the strong model formulation
where the moment is
Here P is quantified by (1) and the characteristic function
isolates inputs to the region covered by the patch.
To facilitate analysis and numerical implementation, we employ the resulting weak formulation
which must hold for all φ ∈ H 2 0 (0, ) The solutions to (13) are approximated using the techniques detailed in Chapter 8 of.
3 Specifically, we consider approximate solutions of the form
where φ j (x) are cubic B-splines modified to satisfy the essential boundary condition at x = 0. Use of the basis functions as test functions yields the semi-discrete system
where
The mass, damping and stiffness matrices are defined by
whereas the force vector has the components
To formulate a first-order semi-discrete system that facilitates implementation using standard ODE routines, we let z = [w,ẇ ]
T and define the system matrix A and the vector B by
The second-order system (14) can subsequently be reformulated aṡ
where the 2N × 1 vector z 0 denotes the projection of the initial conditions into the approximating subspace.
EXPERIMENTAL SETUP
In the experimental setup, an aluminum cantilever was compressed between two aluminum blocks for full rigidity. The beam is 114 mm long, 25.4 mm wide and 1 mm thick. At one side, a Macro Fiber Composite actuator of type M-4010-P1 2 with lateral, expanding motion was attached. The driving patch has the same width as the beam and covered the region from 25-50 mm measured from the fixed end. In three experiments, an input voltage in the range of 0-200 VDC, 0-400 VDC, and 0-1200 VDC was applied. The driving frequency was 1 Hz so that the input can be represented by the equations
E(t) = 400 + 400 sin(1 · 2π · t) (21) E(t) = 1200 + 1200 sin (1 · 2π · t) .
The displacement was measured at a capacitor probex = 70 mm away from the fixed end. Plots of the obtained displacement-field data are shown in Figure 1(a) .
VALIDATION RESULTS
For experimental data with input voltage 0-200 VDC, parameters for the homogenized energy model were identified. The identification process yields the minimization problem
where p are the parameters, w N (t i ,x; p) is the displacement computed by the model depending on the parameters andŵ(t i ) is the experimental data. The obtained parameter values are shown in Table 1 . They are used to predict the experimental data for the other two cases. 
CONCLUSIONS
The results of the numerical simulations show that the beam model in combination with the homogenized energy model is able to describe the nonlinear behavior of the MFC patch. The identified parameters for the 200 V driving regime proved to be a good approximation which could be successfully used for the other cases. The predicted results fit the experimental data in both time domain as well as frequency domain. 
